The monochromic sound propagating in a cylindrical duct filled with a perfect gas can be formulated by the Helmholtz equation,
1． Orthogonality of guided wave modes
The monochromic sound propagating in a cylindrical duct filled with a perfect gas can be formulated by the Helmholtz equation,
The rigid wall condition is 0 r 
2． Orthogonality breaking
For the waveguide with varying cross-sections, the first three mode propagations are schematically illustrated in Fig. S1 . The green, black, and red lines denote the radial distributions of the fundamental, the first, and the second modes, respectively. The solid lines are the eigenfunctions of the transverse modes in the wide and narrow pipes. The dashed lines depict the changes in transverse direction of different modes propagating into the wide or narrow pipes. It is clear that the changed distributions are not identical to the orthogonal modes in the related pipes, the orthogonality is broken by widening or narrowing the waveguides and the energies are redistributed to the new orthogonal modes. The propagation constants of different modes are quite different, so the transverse distributions will be significantly changed at the end of each pipe, and then the waves are regulated in each segment. Figure S1 . The first three transverse modes (green, black, and red lines) in the duct with varying cross-sections.
3． Interactions between two transverse modes
Based on the introduced mode diagrams, we can present nine two-mode interactions among the first three modes, as illustrated in Fig. S2 . Figure S2 of the transverse modes with oppositely and identically propagating wavenumbers are presented in the middle and on the bottom of the figure, respectively. For the same incident frequency, the longitudinal wavenumber of the lower order mode is always larger than that of the higher order mode. So higher modes will never appear on the bottom of the mode diagrams for the interactions between the identically propagating modes. We have only nine diagrams when considering the first three modes in the waveguide. For higher incident frequencies, more transverse modes will be involved and more diagrams can be drawn to illuminate mode interactions. The mode diagrams in Fig. S2 (f) and (i) are selected to manipulate the three mode interaction in Fig.1 (c) . 
4． Measurements of single modes
We have found the first and second single modes in our fabricated waveguide. The second mode is measured in the elaborated waveguide while the first mode is detected in the followed straight duct. Figure S3 schematically shows the measurements of the single modes. When the microphone moves to the wall of the periodic waveguide, the normalized sound pressure and the location of the microphone are represented in Fig. S3 (a) . It is clear that the microphone cannot detect the sound pressure near the wide edge because of the thin part of the waveguide. When the microphone reaches its left moving limit, the sound pressure just falls down at the left edge of the microphone's support. The detected sound pressure includes not only the nonvanishing pressures but also the multiple reflections from the outstretched chamber. Therefore, the circles in the top of Fig. 3 (b) never decrease near the duct walls. The quite different situation of the measurement in the straight duct is illustrated in Fig. S3 (b) . So we can obtain the exact first mode (circles) in the bottom of Fig. 3 (b) . 
5． Sound pressures of the first and the second modes
Because of the limitations from the fabrications and the detections, we cannot investigate and record the sound fields throughout the whole waveguides. To better analyse the mode propagation, we also performed computer simulations with COMSOL Multiphysics. Figure S4 shows the numerical results of the sound pressures, which are normalized to their own maximum values. Figure S4 (a) presents the second mode in the periodic waveguide, which is followed by a thin straight duct with a diameter of 100 mm. The second mode incident to the straight duct will be regularized to the first mode, as shown in Fig. S4 (b) , which has been detected in the experiment and presented in the bottom of Fig. 3 (b) . We can also guide out the second mode when widening a Normalized pressure b Normalized pressure the followed straight duct. The second mode distributions in the elaborate and straight ducts are shown in Fig. S4 (c) and (d) , respectively. The longitudinal distributions of sound pressures in Fig.  S4 (c) are different from these in Fig. S4 (a) because of the change of the followed straight duct. 
